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THE EQUILIBRIUM SHAPE OF A PLANAR CRYSTAL IN A
CONVEX COERCIVE BACKGROUND IS CONVEX
EMANUEL INDREI
Abstract. A solution is given to a long-standing open problem posed by
Almgren.
A surface tension is a convex positively 1-homogeneous
f : R2 → [0,∞);
the surface energy of a set of finite perimeter E ⊂ R2 is
F(E) =
∫
∂E∗
f(νE)dHn−1;
the potential energy of E is
G(E) =
∫
E
g(x)dx;
and the free energy of E is
E(E) = F(E) + G(E), [FM11, McC98].
Theorem 0.1. Suppose g : R2 → [0,∞) is coercive and convex. If m ∈ (0,∞),
there exists an–up to translations & sets of measure zero–unique convex set
which minimizes the free energy among sets with measure m.
Proof. The first part is developed in Rn (stability(m0)): there exists m0 > 0
such that for all m ∈ (0, m0) and ǫ > 0, there exists cǫ > 0, a = a(ǫ,m) ≥
cǫm
n−1
n such that if Em is a minimizer, E ⊂ BR, |E| = |Em|, and
|E(Em)− E(E)| < a,
there exists x0 such that
|(E + x0)∆Em|
|Em| < ǫ
1
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(if g = 0, a(ǫ,m) = Cm
n−1
n ǫ2 for C = C(n)). If there exist mk → 0+,
Emk , E
′
mk
, ǫ > 0 such that (with ω(mk) → 0, ck = 15ω(mk), m
n−1
n
k ω(mk) ≥
a(ǫ,mk) ≥ ckm
n−1
n
k )
|E(Emk)− E(E ′mk)| < ak ≤ m
n−1
n
k ω(mk)→ 0
inf
x0
|(E ′mk + x0)∆Emk |
|Em| ≥ ǫ > 0,
for γk = (
|K|
mk
)1/n
δ(γkEmk)→ 0;
|F(E ′mk)−F(Emk)| ≤
∫
E′mk
∆Emk
g(x)dx+ ak,
and this yields
δ(γkE
′
mk
)→ 0;
let xk, x
′
k satisfy
|(γkE ′mk + x′k)∆K|
|γkEmk |
,
|(γkEmk + xk)∆K|
|γkEmk |
→ 0.
Thus, there exists k such that
|
(
E ′mk +
(x′
k
−xk)
γk
)
∆Emk |
|Emk |
< ǫ.
Set
Am = {m > 0 : Em is convex , stability(m)}
M = supAm;
the above implies
M > 0.
The second part consists of: if n = 2 and M <∞, then EM is convex.
Suppose Am ∋ mk →M and let R = R(M) > 0 satisfy Emk ⊂ BR; there
is a convex set TM such that (up to a subsequence)
Emk → TM
F(Emk)→ F(TM).
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Note that for |wkEM| = |Emk |
E(EM) = lim inf
k
E(wkEM)
≥ lim inf
k
E(Emk) = E(TM)
this therefore implies the existence of a convex minimizer.
Next suppose
E = ∪Ni=1Ai
is a non-convex minimizer with |E| =M, Ai nonempty, closed, disjoint, con-
vex. Then since |Ai| = mi ∈ Amaximi , maximi <M, Ai is up to translations
the unique minimizer for mass mi <M since if not
E(∪Ni=1Emi) < E(E) =
∑
i
E(Ai)
& without loss m1 < m2 < . . . < mN ; if N ≥ 3,
| ∪2i=1 Ai| = m1 +m2
E(Em1+m2) < E(∪2i=1Ai)
and this contradicts
E((E \ ∪2i=1Ai) ∪ Em1+m2) < E(E).
Thus N = 2;
next, let
ǫ =
1
5
inf
x
|(E + x)∆TM|
|E| > 0
and suppose γk → 1−, |Emk | = |γkE|, a(ǫ/2, mk) ≥ cǫm
1
2
k ≥ c# = c#(M, ǫ) >
0 for k large (stability(mk)); this implies for all k large,
|E(Emk)− E(γkE)| ≤ |E(Emk)− E(TM)|+ |E(TM)− E(γkE)| < c#.
Thus there exists xk such that
|(Emk + xk)∆γkEM|
|Emk |
<
ǫ
2
,
ǫ <
|γkE∆(TM + xk)|
|Emk |
≤ |γkE∆(Emk + xk)||Emk |
+
|Emk∆TM|
|Emk |
< ǫ.
Therefore, minimizers with massM are (mod translations and sets of mea-
sure zero) unique.
The third part: there exists ǫa > 0 such that for allm <M+ǫa, stability(m)
and Em is convex are true.
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Ifmk >M, Emk are not convex, andmk →M, let R > 0 satisfy Emk ⊂ BR,
Emk = ∪Ni=1Ak,i,
Ak,i convex and having disjoint closures; Ai = lim infk Ak,i (in L
1(BR)).
There exists w(M) > 0 such that |Ak,i| ≥ w(M) > 0: if |Ak,i| → 0, let
infk |Ak,l| ≥ w(N,M) > 0 (N is bounded; therefore such a constant exists (if
ǫa > 0 is small, N = 2)), E1 = Ak,l, E2 = Ak,i,
|hE1| = |E1|+ |E2|
|E2| = (h2 − 1)|E1| = γr2, r =
√
h2 − 1, γ > 0. Thus, F(E2) ≥ c
√
h2 − 1,
and if h > 1 is sufficiently near 1,
F(hE1) +
∫
hE1
g
≤ F(E1) + c1(h− 1) +
∫
E1
g + c2|hE1 \ E1|+ F(E2) +
∫
E2
g − F(E2)−
∫
E2
g
≤ F(E1) + F(E2) +
∫
E1
g +
∫
E2
g + cˆ(h− 1)− c
√
h2 − 1− c˜(h2 − 1)|E1|
< F(E1) + F(E2) +
∫
E1
g +
∫
E2
g,
Hence, ∑
i
|Ak,i| = mk
∑
i
F(Ak,i) = F(Emk),
and A = ∪iAi has |A| =M;
therefore if sk > 0, |skEM| = |Emk |, sk → 1,
E(A) = lim inf
k
E(Emk) ≤ lim inf
k
E(skEM) = E(EM)∫
Akl,i
g →
∫
Ai
g;
this implies
F(A) =
∑
i
F(Ai)
and that A is a minimizer, which contradicts that minimizers with mass M
are convex (since |Ai| ≥ w(M) > 0, A = ∪iAi). Hence there exists ǫa such
that for all m ∈ (M,M+ ǫa), Em is convex.
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If there exists M + ǫa > ma ≥ M such that stability(ma) is false, there
exist m < ma, Eai , |Eai | = |Em|, ǫ > 0
|E(Eai)− E(Em)| ≤ ai → 0,
inf
x
|(Eai + x)∆Em|
|Em| ≥ ǫ.
Note that
sup
i
F(Eai) <∞
and there exists a subsequence Eai,e → E (i.e. χEai,e → χE in L1(BR));
|E| = lime |Eai,e | = |Em|,
F(E) +
∫
E
g ≤ lim inf
e
(
F(Eai,e) +
∫
Eai,e
g
)
= E(Em);
this contradicts
|(Eai,e + x)∆Em|
|Em| ≥ ǫ
(Em is up to translations the unique minimizer). 
Remark 0.2. For all ǫ > 0, there exists a = a(ǫ,m) ≥ cǫm 12 > 0 such that if
Em ⊂ R2 is a minimizer, |E| = |Em|, and
|E(Em)− E(E)| < a,
there exists x0 such that
|(E + x0)∆Em|
|Em| < ǫ.
There exists m0 such that for all m ∈ (0, m0), ǫ > 0, there exists a = a(ǫ,m) ≥
cǫm
n−1
n > 0 such that if Em ⊂ Rn is a minimizer, |E| = |Em|, and
|E(Em)− E(E)| < a,
there exists x0 such that
|(E + x0)∆Em|
|Em| < ǫ.
Remark 0.3. The existence of convex minimizers was obtained in [GDP18].
Theorem 0.4. Let m > 0, then there exists g convex such that there is no
solution to
inf{E(E) : |E| = m}.
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Proof. Let (x, y) ∈ R2 and ǫ > 0.
If −√ ǫ
2
≤ x ≤√ ǫ
2
, y ≤ 0,
g(x, y) = x2(1− y) + ǫ
2
y2;
if −√ ǫ
2
≤ x ≤√ ǫ
2
, y > 0,
g(x, y) =
x2
(1 + y)
.
One can extend g in C1,1loc (R
2). Let v = (0, 1) and note that for a > 0 if a
minimizer Em exists, ∫
Em+av
g <
∫
Em
g.

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